198      IX   ANALYTIC FUNCTIONS
with the exception of the principle of maximum (9.5.9), all additional
properties of analytic functions of complex variables derive from a single
new idea, that of " complex integration," and from its fundamental features,
Cauchy's theorem (9:6.3), Cauchy's formula (9.9.1), and its generalization,
the theorem of residues (9.16.1). The form of Cauchy's theorem which we
give here is not the best possible, for it expresses the integral along a circuit
as an invariant of the homotopy class of that circuit, whereas in fact it is an
invariant of its homology class. In most applications, however, this has no
inconvenience whatsoever, and in contrast to the fact that the proof of the
weak form of Cauchy's theorem needs almost no topological preparation, the
proof of the complete theorem would have required some developments of
algebraic topology, which we feel are above the level of the present volume.
The interested reader will find the complete Cauchy theorem, together with
all the necessary prerequisites, in Ahlfors [1], Cartan [8], and Springer [17];
we shall come back to that question in Chapter XXIV. Instead of using
more results from algebraic topology in order to obtain such refinements,
we have thought it might interest some readers to see how, by the very simple
device introduced by S. Eilenberg, it is possible to obtain quite deep informa-
tion on the topology of the real plane (including the Jordan curve theorem),
using merely the most elementary facts about complex integration; this is the
purpose of the Appendix (which, by the way, is not used anywhere in
the later chapters and may therefore be bypassed without any inconve-
nience).
As we have announced in Chapter I, the reader will find no mention
in this chapter of the so-called " multiple-valued " or " multiform " func-
tions. It is of course a great nuisance that one cannot define in the field C
a genuine continuous function ^/z which would satisfy the relation (^/z)2 = z\
but the solution to this difficulty is certainly not to be sought in a deliberate
perversion of the general concept of mapping, by which one suddenly decrees
that there is after all such a "function," with, however, the uncommon
feature that for each z ^ 0 it has two distinct "values." The penalty for this
indecent and silly behavior is immediate: it is impossible to perform even
the simplest algebraic operations with any reasonable confidence; for instance,
the relation 2^Jz=^Jz + ^/z is certainly not true, for if we follow the
"definition" of ^/z,- we are compelled to attribute for z ^ 0, two distinct
values to the left-hand side, and three distinct values to the right-hand side!
Fortunately, there is a solution to the difficulty, which has nothing to do with
such nonsense; it was discovered more than 100 years ago by Riemann, and
consists in restoring the uniqueness of the value of ^fz by " doubling," so
to speak, the domain of the variable z, so that the two values of z corre-

